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Abstract—The concurrent complementary operators method
(C-COM) is extended to simulate microwave planar circuits with
the finite-difference time-domain (FDTD) method for the first
time. The dispersive boundary condition (DBC) and its comple-
mentary operator are used to truncate the FDTD lattices and the
fields in the boundary layers are calculated, respectively. Then
these two simulations are averaged to annihilate the first-order re-
flections. Numerical error analysis shows that the performance of
the DBC is improved greatly due to the implementation of comple-
mentary operators, and the setup of its parameters becomes easier
and more robust. A flexible and high-performance absorbing
boundary condition is thus obtained through the combination of
the DBC and C-COM. This method has been successfully used to
simulate a variety of planar circuit structures. Simulations of a
microstrip low-pass filter, coupled-line bandpass filter, modified
microstrip transmission lines, and dielectric resonator antenna,
are presented in this paper.

Index Terms—Absorbing boundary conditions (ABCs),
dielectric antennas, finite-difference time-domain (FDTD)
methods, microwave circuits.

I. INTRODUCTION

FLEXIBLE and high-performance absorbing boundary con-
ditions (ABCs) are required to obtain high efficiency of the

finite-difference time-domain (FDTD) method for unbounded
space problems. The complementary operators method (COM)
has proven to be a very good ABC [1]–[3] for free-space prob-
lems. This method uses two complementary boundary opera-
tors whose reflection coefficients are identical in magnitude,
but opposite in sign. The first-order reflections from the trun-
cated boundary are cancelled by performing two independent
simulations. In the concurrent scheme of this method, termed
the concurrent complementary operators method (C-COM) [4],
the two complementary operators are employed concurrently in
the same simulation, thus the computation is reduced by about
one-half.

The complementary concept, in which two independent sim-
ulations with different boundary conditions are executed, has
been applied in several previous ABCs to reduce the errors. In
the superabsorbing technique [6], the ABC is applied both to the
nodes along the termination layers of the computation domain
and to interior nodes adjacent to the termination. From these two
applications of the ABC, an error term is estimated and used to
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correct the values at the termination layers of the computation
domain. However, this method can only reduce the reflection
for traveling waves [2]. In the geometry rearrangement tech-
nique [7], the dominant reflection from the ABC is corrected
by superposition of two subproblems with different sources or
boundary locations. The method can be used to estimate and cor-
rect the imperfect absorption of the ABC both for traveling and
evanescent waves. However, this method can be used only for
guided-wave problems, and only reflections from far and near
ends of the waveguides can be cancelled. In the C-COM, the
errors caused by the first-order reflection for traveling waves
and evanescent waves can be annihilated completely in any di-
rections, and the errors will only depend on the second-order
reflections [2]. If a high-performance ABC is used as the fun-
damental operator, the errors will be very small. Thus, the focus
of applying the C-COM is to find a high-performance ABC with
an available complementary operator, i.e., a pair of ABCs with
complementary (opposite) reflection.

Using Higdon’s ABC [8] as the fundamental operator, the
C-COM has been utilized to simulate free-space problems such
as the radiation from line sources, scattering from perfect con-
ducting cylinders [2]–[4], and waveguiding structures [5]. In this
paper, we will extend this method to arbitrary multilayer mi-
crowave structures. In Higdon’s ABC, the waves are assumed
to travel with the same speed and different incidence angles to-
ward the boundary plane. For the guided-wave problems of in-
terested to this study, we cannot directly use the algorithm in
[2]–[4] since, in Higdon’s operator, there is the fundamental as-
sumption of a uniform wave speed in the formulation. When
a Gaussian pulse travels in guided-wave structures, the veloci-
ties of fields are different for the different frequency component
of the pulse due to the dispersion property of these structures.
Based on this fact, to configure the complementary operator, we
use the dispersive boundary condition (DBC) [9], [10] that can
absorb waves over a reasonably wide frequency band. The pa-
rameters in the DBC can be set to absorb waves with different
velocities, including the evanescent waves [9]. Techniques to se-
lect these parameters have also been studied. It has been shown
that the DBC can obtain good absorption by optimizing the pa-
rameters [11]–[14]. In this paper, we will show that, through the
utilization of complementary operators, the performance of the
DBC will be further improved, and the setting of those param-
eters will be more flexible.

The complementary operators for the DBC and the con-
current implementation are presented briefly in Section II.
In Section III, criteria for the selection of parameters are
given and numerical error analysis is implemented to study
the performance of the complemented DBC. Application

0018-9480/03$17.00 © 2003 IEEE



1290 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 51, NO. 4, APRIL 2003

(a) (b)

Fig. 1. C-COM for a microstrip transmission line. (a) Top view. (b) End view.

examples, including a microstrip low-pass filter, coupled-line
bandpass filter, a modified microstrip transmission lines, and
a microstrip-fed dielectric-resonator antenna, are presented in
Section IV. Finally, conclusions are given in Section V.

II. COMPLEMENTED DBC

A. Complementary Operators: and

The th-order DBC is expressed as [9]

(1)

where ,
is the speed of light, , and

are parameters to be set. The as-
sociated theory reflection coefficient is given by

(2)

where is the complex wavenumber of the incidence wave.
Suppose , (2) is then rewritten as

(3)

and (1) becomes

(4)

Since for boundary condition
is equal to , from (4), we have

(5)

The corresponding reflection coefficients are obtained from (3)

(6)

which indicates that the pairs of operators in (5) are
complementary.

The application of complementary operators can only
annihilate the first-order reflections [2]–[4], thus, higher order
operators should be considered to minimize the second-order
reflections. In practice, however, very high orders cannot
improve the accuracy and, on the contrary, make the solution

instable. Although the loss term can be used to circumvent
this shortcoming, it is not effective if is too large. At the
same time, if is increased substantially in order to stabilize
the solution, the accuracy of low-frequency responses will be
reduced. After considering these factors, we choose ,
and represent the complementary operators as

(7)

(8)

and have same theoretical reflection coefficients as
in magnitude, although they have higher order deriva-

tives. If or are used as the ABC independently, there
are no improvements compared with . However, it will be
shown that the reflections can be suppressed greatly as and

are used as complementary operators.

B. Concurrent Implementation: C-COM

If the FDTD results with computation domain truncated by
and are and , respectively, the final

solution is obtained by [2], [3]

(9)

We can compute the fields in the whole computation domain two
times using and , respectively, then use the average of
the two simulations to update the fields in the next FDTD time
march [2], [3]. This scheme will require approximately double
the time that would be needed to solve the same problem with
the corresponding . In order to overcome this problem,
the concurrent scheme [4] is applied.

Fig. 1 demonstrates this scheme for a microstrip transmission
line. The complete computation domain is divided into a work
region and complementary region. Within the work region, each
of the field components is computed once. However, within the
complementary region, each of the field components is assigned
two storage locations and each set of field components are up-
dated independently using or as the ABC. The field
values on the interface, which will be used to update the field
components in the work region at the next step, are obtained by
averaging the two sets of field values obtained in the comple-
mentary region.

In order to demonstrate the mechanism of complementary op-
erators, Fig. 2 gives the computation errors for the currents’ re-
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Fig. 2. Computation errors for the current of a microstrip transmission line.
The width of the transmission line is 75 �m. The height and dielectric constant
of the substrate are 100 �m and 13.0. FDTD cells sizes are�x = �y = �z =

6:25 �m.

flection error on a microstrip transmission line at each time step
computed by different methods. The distances between the mi-
crostrip edges and the left and right truncation faces’ near and
far ends are 20 cells. The number of boundary layers is ten for
the C-COM so the distance between its interface and the edges
of the microstrip is ten cells. The distance between the surface
of the microstrip and the top truncation face is 12 cells, hence,
there are only two cells between the interface of the C-COM
and the surface of the microstrip. In the boundary conditions,

, for the top, left,
and right truncation faces, and for the faces
at the near and far ends. The selection of these parameters will
be discussed in Section III.

It is observed from Fig. 2 that, as predicated in (6), the re-
flection of is almost the same as , and the reflection
of is almost identically opposite, i.e.,

. The reflection of the C-COM is almost the average of
reflections of and . The errors in the C-COM come
from the second-order reflections, especially from the corners
of the computation domain.

III. PARAMETER SETUP AND ERROR ANALYSIS

In this section, we will discuss the selection of parameters in
the boundary conditions. The performance of the complemented
DBC will also be discussed.

A. Parameter Setup

The parameters in the boundary conditions include , , and
the number of boundary layers. The velocities and attenuations
of waves propagating in different directions may be different.
Hence, in our program, parameters for different truncation faces
can be set individually according to the properties of the im-
pinging waves.

An estimated for microwave planar circuits is [9]

(10)

Fig. 3. Current of the microstrip given in Fig. 2, simulated by the C-COM with
a different loss term for faces at the far and near ends.

where is the effective dielectric constant, which is a func-
tion of frequency. Generally, for a structure to be simulated,
is unknown. For DBCs, several techniques to set optimal have
been discussed in [11]–[14]. As shown in [9], if higher orders are
used, can be selected over a wide range between the static
solution and the exact dielectric constant of the structure. We
will show that, especially if complemented operators are used,

can be selected in a wide range, and the results are robust.
Hence, another advantage of applying the complementary op-
erators is that the restrictions on the selection of parameters are
relaxed.

is used to simulate the attenuations of waves, and to steady
the solutions since high-order derivatives in the ABC are used.

can also be used to absorb the evanescent waves [9]. The ad-
ditional derivatives in space and time in order to obtain
and from , as shown in (7) and (8), will increase
the risks of instabilities. After treating the boundary condition
carefully with double precision, the solution of can be
robust for very small values of , even zeros [9]. However, it is
found that and , especially , tend to diverge after
a longer time marching if is set to zero or very small values
due to the additional derivatives compared with . On the
other hand, cannot be too large. Large values of will reduce
the accuracy of low-frequency responses and increase the re-
flections from the boundaries. Thus, should be set as small as
possible as long as the solution is stable. Fortunately, we found
that typical values such as are applicable
for many structures we have studied.

An important requirement for the setup of is that it must
have at least one zero element for truncation faces at the far
and near ends of a transmission line, otherwise reflections from
these faces will be large. This is because the attenuation of the
principle propagation mode impinging on these faces is very
small. Fig. 3 presents the simulated current error on the mi-
crostrip given in Fig. 1 with dimensions given in the caption
of Fig. 2. The parameters in the boundary condition are the
same as used for the analysis in Fig. 2, except a different loss
term is used for the faces at the near and far ends. It is seen
that, as long as has at least one zero-element, the effect of
using different element values is very small. However, for
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Fig. 4. Reflection error of a shielded microstrip line with a width of 0.254 mm,
substrate height of 0.254 mm, and " = 2:2. The top of the perfect electric
conductor (PEC) enclosure is at 0.762 mm from the substrate, and the distance
between the edges of the microstrip and PEC walls is 0.928 mm. The cell sizes
are �x = �y = 0:042333 mm and �z = 2�x.

, the reflections from the ends become haz-
ardous after the incidence waves reach the two faces. Hence, we
always set for faces at the ends of a trans-
mission line: input and output ports of a microwave component.

B. Numerical Error Analysis

In order to study the effect of parameters in the boundary con-
ditions, reflections for a shielded microstrip are studied first.
The reflection errors for frequencies up to 20 GHz calculated
by , , and , and the C-COM with ten boundary
layers are given in Fig. 4. The microstrip is shielded so the ter-
minating effects of ends can be studied. Since only the propa-
gating waves exist, is set to zero. It is shown again in Fig. 4
that , , and have almost the same absorption per-
formances. The effective dielectric constant of this strip line is

, however, we can see that, even if the parameters
have a large variation around this value, the absorption perfor-
mance is still very good for , , and because of
their higher order [9] and only the ends need to be terminated.
The great improvement in accuracy is obtained with the use of
complementary operators. Also, the influence of the parameter
values on the results will be even smaller. Thus, can be set
around the square root of the static effective dielectric constant

and can be varied up to substrate dielectric constant
without affecting the simulation accuracy.

Since , , and have similar absorption prop-
erties, only will be used as the comparison with the
C-COM in the following calculations.

A uniform microstrip transmission line without a shield is
simulated in Figs. 5 and 6. The distances from the boundary
truncation faces to the edges and surface of the microstrip are
20 cells. Ten boundary layers are used in the C-COM. Fig. 5
demonstrates the effect of with fixed

for the top, left, and right truncation
faces. is set to zero for truncation faces at the near and far
ends. The static effective dielectric constant of this microstrip
line is approximately 6.58. With a series of

Fig. 5. Reflection error of a microstrip line with a width of 0.254 mm, substrate
height of 0.254 mm, and " = 9:8. The cell sizes are the same as Fig. 4.

Fig. 6. Reflection error of the microstrip line given in Fig. 5.

with element values changed widely from to , the av-
erage variation of reflections are seen to be within 5 dB.

With fixed at , reflection errors for four sets
of values are compared in Fig. 6. As we have pointed out,
for faces at the near and far ends of a transmission line, there
should be at least one zero element in . Hence, we set

for the faces at both ends. For other faces, based
on numerical trials, we found that the average of
should be no less that 0.1, otherwise the increasing reflections
will tend to produce a diverging solution. It is found that, as
is set to very large values, 0.2 or above, for example, the re-
flection errors for will be larger than 40 dB. However,
the reflection errors for the C-COM can still be kept lower than

65 dB unless very large values are used for , 0.3, or above, for
example. Hence, the C-COM is more insensitive to the param-
eters than , which allows for a more flexible parameter
setup.

Finally, the number of boundary layers should be no less than
five [4]. Increasing the number of boundary layers require addi-
tional storage and computation. Numerical tests show that, for
the simulation of the shielded microstrip line given in Fig. 4,
with almost no evanescent waves, the difference between using
five and ten layers is less than 1 dB. For the microstrip line de-
scribed in Fig. 5, which has evanescent waves, increasing the
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Fig. 7. Reflection error of the same microstrip line given in Fig. 5.
� = f0:05; 0:1; 0:15g for the top, left, and right truncation faces,
� = f0:0;0:0;0:0g for truncation faces at the two ends of the microstrip.
� = f6:5;7:0;7:5g.

number of boundary layers will improve the performance of the
C-COM. However, the average difference between using five
and ten layers is approximately 3 dB. This means that 5–10
layers are sufficient to obtain good absorbing properties.

In order to study the effect of truncation positions of the
C-COM, Fig. 7 compares reflections of the microstrip line given
in Fig. 5 as the distance from the right edge of the microstrip to
the right averaging interface of the C-COM that varies from 30
to five cells. The distance at another side is fixed at 30 cells, with
ten boundary layers. We can see that, as the distance changed
from 30 to ten cells, the reflection errors remained lower than

70 dB. Even as the distance reduced to five cells, the reflection
from the C-COM boundary is still less than 60 dB. However,
for , the changes in reflections are very large, and poten-
tially the reflections will be higher than 40 dB as the frequency
is increased.

IV. APPLICATIONS

We have applied the complemented DBC presented in this
paper to simulate single-layer or multilayer microwave planar
circuits and printed antenna problems.

Fig. 8 gives the frequency response of the microstrip low-pass
filter presented in [15]. The result of Agilent ADS Moment
is also given for comparison. We set
for the truncation faces at the input and output ports, and

for the top, left, and right truncation
faces. . Other values for have been
used, but the differences between the obtained results are negli-
gible. The frequency response of this filter over 0–20 GHz has
been given. In the FDTD simulation, the total mesh dimensions
are 80 70 20, and ten boundary layers are used for the
C-COM. The simulation is performed for 5000 time steps and
the computation time for this circuit is 57 min on a Pentium III
600-MHz personal computer.

In Fig. 9, the results for the return and insertion losses of a
microstrip bandpass filter are compared with the Ansoft HFSS
solutions. The effect of the shield is included in the simula-
tion. Hence, only the input and output ends need to be ter-

Fig. 8. Microstrip low-pass filter. The dielectric constant of the substrate is
" = 2:2 and the height of the substrate is 0.794 mm. The width of the cross
branch is 2.54 mm. The width of the input and output port is 2.413 mm, and
their symmetric central line to the center of the cross branch is 3.034 mm.�x =

0:406 mm, �y = 0:423 mm, and �z = 0:265 mm.

Fig. 9. Return and insertion losses of a bandpass filter. The dielectric constant
of the substrate is 3.45 and the thickness is 0.6 mm. The sizes of the circuits
and shield are given in the plot. �x = 0:4 mm, �y = 0:17 mm, and �z =

0:2 mm.

minated. The static effective dielectric constant without con-
sidering the effect of shielding is approximately 2.7, thus, we
choose . is set to zero. The difference be-
tween the center frequency of the filter predicated by our method
and Ansoft HFSS is approximated 0.8%.

Fig. 10 shows the effective dielectric constant and character-
istic impedance for a modified multilayer microstrip line that is
developed for high-quality RF integrated circuit (RFIC)/mono-
lithic-microwave integrated-circuit (MMIC) transmission lines
and inductors [16]. This kind of microstrip lines not only lowers
the dissipative loss, but also enables the realization of very high
characteristic impedance lines on thin high dielectric-constant
substrates such as GaAs. Further improvement may be obtained
by etching away the surrounding polyimide so that more of the
microstrip is surrounded by air, as represented by “CASE II” in
Fig. 10. The results are compared with the data from [16]. Setup
for is the same as in Fig. 8. In order to obtain better absorp-
tion performance for different thicknesses, we have used dif-
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Fig. 10. Effective dielectric constant of a modified high-quality mutilayer
microstrip line for an RFIC/MMIC. The width of the microstrip is 30 �m and
the substrate has two layers. The height of the GaAs layer is h = 75 �m
and " = 12:9. The dielectric constant for the polyimide layer is
" = 3:2, its thickness d is changed from 0 to 25 �m. The cell sizes are
�x = �y = 6:0 �m and �z = 6:25 �m.

Fig. 11. Return loss of an aperture-coupled rectangular DRA. The dielectric
constants for the substrate and dielectric resonator are 10.2 and 10.8,
respectively. The unit of the sizes given in this figure is in millimeters and
the initial sizes are from [17]. The cell sizes are �x = �y = 0:3 mm and
�z = 0:32 mm.

ferent set of parameters as , ,
, or since we know that the charac-

teristics of the transmission lines will vary greatly as the thick-
ness changed. In order to select these parameters, some esti-
mated values, such as the values between and
weighted by the substrate thickness, are used first. The effec-
tive dielectric constants are then obtained by the FDTD method.
If these constants are far from the values we have set in the
C-COM, we can reset the boundary conditions and better ab-
sorption performance will be obtained.

A rectangular aperture-coupled dielectric-resonator antenna
is simulated as the last example. The static effective dielectric
constant is approximately 6.8, and is used.
In this example, for the left, right, top,
bottom, and far end truncation faces; only
for the truncation face at the input port. The structure and sizes
(in millimeters) are given in Fig. 11. The return losses computed

by the FDTD method and Ansoft HFSS are compared. Two reso-
nant frequencies and bandwidths predicted by different methods
match very well.

V. CONCLUSION

In this paper, by using the DBC as the fundamental oper-
ator, the C-COM [4] is extended to multilayer microwave planar
circuits for the first time. Criteria for the selection of param-
eters in the boundary conditions are discussed. Error analysis
is used to study the performance of the boundary condition.
It is shown that the implementation of complementary opera-
tors makes the selection of parameters more flexible. For all
of the structures we have studied, the average reflection er-
rors can be smaller than 65 dB without any optimization of
the parameters. This method has been successfully applied in
this paper to simulate a variety of guided-wave structures such
as the multilayer modified microstrip transmission lines, mi-
crostrip low-pass filter, coupled-line bandpass filter, and the di-
electric-resonator antenna.
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